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Abstract

This article investigates high-order elliptic boundary value problems that incorporate mixed
boundary conditions, often referred to in the Uzbek scientific tradition as “Mayda hadlar”. Such
problems are fundamental in the mathematical description of physical phenomena where different
parts of the boundary exhibit distinct physical behaviors. We consider a general linear elliptic operator
of order 2m defined on a bounded domain with Lipschitz boundary, which is partitioned into two
disjoint subsets corresponding to Dirichlet and Neumann type conditions. Using the classical theory of
Sobolev spaces and bilinear forms, we establish the existence, uniqueness, and regularity of weak
solutions under natural ellipticity assumptions. A key contribution of this work is the derivation of
explicit coercivity estimates that depend on the geometry of the boundary partition and the structure of
the differential operator. To demonstrate practical relevance, we apply the abstract framework to a
fourth-order biharmonic problem that models the equilibrium of a thin elastic plate which is clamped
on one part of its boundary and simply supported on the remaining part. This mixed boundary
configuration arises in many engineering applications, including bridge decks, ship hulls, and
composite floor systems. The theoretical results are complemented by numerical experiments
performed with the finite element method, which confirm the predicted convergence rates and
illustrate the efficiency of the proposed approach. The findings presented here provide a solid
foundation for the numerical simulation of complex mechanical systems involving high-order
differential operators and mixed boundary conditions.

Keywords: High-order elliptic equations, mixed boundary conditions, Mayda hadlar, Sobolev
spaces, a priori estimates, plate theory, finite element method.

1. Introduction

The mathematical modeling of many physical and engineering systems leads naturally to
boundary value problems for partial differential equations of order higher than two. Among the most
prominent examples are the biharmonic equation describing the bending of thin elastic plates, the
triharmonic equation arising in certain fluid flow problems, and the general polyharmonic equations
encountered in the theory of elastic shells and gradient elasticity. In all these cases, the boundary
conditions play a crucial role in determining the uniqueness and regularity of the solution. When
different types of boundary conditions are prescribed on distinct parts of the boundary, the problem is
said to have mixed boundary data. In the Uzbek mathematical literature, such conditions are
traditionally called “Mayda hadlar”, which reflects their delicate nature, especially when the order of
the equation is high.

Let QO " be a bounded domain with a Lipschitz continuous boundary 0Q2. We assume that
the boundary is partitioned into two relatively open and disjoint subsets I', and I', such that
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Q=T b fN . The subset I', is associated with Dirichlet type conditions, while I", carries

Neumann type conditions. The interface between these two parts, denoted by T , I, ,istypically a

set of lower dimension where the solution may exhibit reduced regularity. This loss of regularity is
one of the main mathematical challenges in the analysis of mixed boundary value problems, and it
becomes even more pronounced when the order of the differential operator is high.

The general form of the problem considered in this paper is as follows. We seek a function u
defined on Q) satisfying

L= (DD (a, (D)= (), ¥ Q.
together with the boundary conditions
Bu=0 onl',, ;=01 ,m-1, Cu=0 onl,, ;=01 ,m-L

Here L is a linear elliptic differential operator of order 2m, a,, (x) are coefficient functions

belonging to L (€2) and satisfying a symmetry condition a,, =a,, for all multi-indices &, 3. The

operators Bj and CI. represent the boundary trace operators that define the Dirichlet and Neumann

data, respectively. For a second-order problem (7 = 1), the Dirichlet condition on I",) would simply

be u =0, and the Neumann condition on I', would involve the conormal derivative. For higher-

order problems, the number of boundary conditions on each part must equal m to ensure a well-posed
problem.

The motivation for studying such mixed boundary value problems is abundant in applied sciences.
In structural mechanics, a plate may be clamped along one edge (vanishing displacement and rotation)
and simply supported along another edge (vanishing displacement and bending moment). This is
precisely a mixed boundary condition for the biharmonic operator with m =2 . In electrostatics, one
part of the boundary may be kept at a constant potential (Dirichlet condition) while another part is
insulated (Neumann condition). In fluid dynamics, higher-order boundary conditions appear in the
study of thin film flows with surface tension effects.

Despite the extensive classical literature on elliptic boundary value problems, as presented in the
foundational works of Lions and Magenes [1] and Grisvard [2], the mixed data case for high-order
operators has received comparatively less attention. Most existing results focus either on pure
Dirichlet or pure Neumann conditions. The presence of an interface where the boundary condition
type changes introduces singularities that are not captured by standard Sobolev space theory without
additional technical assumptions. Recent contributions by Sobitov [3] and Holmuradov [4] have
addressed some aspects of this problem, but a systematic treatment that includes both theoretical well-
posedness and practical numerical applications is still lacking.

The present paper aims to fill this gap by providing a comprehensive analysis of high-order
elliptic problems with mixed boundary conditions, with special emphasis on the fourth-order
biharmonic case that is directly applicable to plate bending problems. We develop a functional

framework based on closed subspaces of /4" (€2) that incorporate the Dirichlet conditions on I",,. A

bilinear form is associated with the differential operator, and the Lax—Milgram theorem is invoked to
prove existence and uniqueness of weak solutions under a coercivity condition. We then derive a
priori estimates that quantify the dependence of the solution on the data f , and we discuss the
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regularity of the solution in the vicinity of the interface. Finally, we present numerical experiments
using the finite element method to validate the theoretical predictions.

The remainder of the paper is organized as follows. Section 2 describes the functional setting and
the weak formulation of the problem. Section 3 presents the main theoretical results, including
existence, uniqueness, and regularity theorems. Section 4 applies the general theory to the specific
case of the biharmonic plate problem with mixed boundary conditions. Section 5 describes the finite
element discretization and the numerical results. Section 6 discusses the practical implications of our
findings, and Section 7 concludes the paper.

2. Functional Setting and Weak Formulation

To obtain a rigorous mathematical formulation of the mixed boundary value problem, we must

place it within the framework of Sobolev spaces. Let H"(2) denote the standard Sobolev space of

functions whose weak derivatives up to order m are square integrable over €2 . The norm in this
space is defined by

1/2

Yv¥ = MHDWW, -
e Q)

The subspace of functions that vanish on I' | together with their normal derivatives of order up to

m —1 is denoted by H :D (€2) . However, because the boundary conditions involve only a part of the

boundary, we need a more refined space. Following the approach of Lions and Magenes [1], we define
V={v H"(Q):Bv=0onT,forj=01 ,m-1}.

The operators B_/ are assumed to form a normal system of boundary operators that covers I', in

the sense of Agmon, Douglis, and Nirenberg. Under these assumptions, V' is a closed subspace of
H"(Q) and therefore a Hilbert space with the induced norm. The choice of V' as the solution space

reflects the physical requirement that the Dirichlet part of the boundary conditions is built directly into
the function space, while the Neumann conditions will be imposed through the variational
formulation.[5,6]
The bilinear form associated with the operator L is defined as
a(u,v)= 4y (X)D u(x) D “v(x)dx.
jal Bl m

This bilinear form is continuous on V'V because the coefficients a . are bounded and the

af
derivatives involved are of order at most 7 . Indeed, there exists a constant M > 0 such that

la(u,v)| MYu¥ ) Yo ¥ . Nu,v V. Theright —handside .f is assumed to belong
H™(Q) H™(Q)

to the dual space V', which is a subspace of H "(£2) . For simplicity, in most applications we

consider f L’(€), which embeds continuously into V' because V' H"(Q) L(Q) for

bounded domains.
The weak formulation of the mixed boundary value problem is then: find #  } such that

aw,vy= f,v,, Y VT,
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where , denotes the duality pairing. This formulation incorporates the Dirichlet conditions on

I', through the definition of J , while the Neumann conditions on I', arise naturally from
integration by parts and are not explicitly enforced in the space. This is a standard procedure in the
finite element method and in the variational theory of elliptic problems.

The key question is whether the bilinear form a( , ) is coercive on V', i.e., whether there exists a

constant & > 0 such that

a(v,v) ayv?‘;‘;m - Vv V.
@)

For pure Dirichlet boundary conditions, coercivity follows from the classical Garding inequality
and the Poincare inequality, provided the nullspace of the operator contains only the zero function. For
mixed conditions, the situation is more delicate because the Poincar einequality may still hold if I",

has positive measure, but the constant may depend on the geometry of I', . In the next section, we

prove a generalized coercivity result.

3. Main Theoretical Results

We now state and prove the fundamental properties of the mixed boundary value problem. The
first result establishes the existence and uniqueness of a weak solution under a coercivity condition
that is verified for a wide class of coefficients and boundary partitions.[7]

Theorem 3.1 (Existence and uniqueness). Assume that the coefficients a , satisfy the strong

af
ellipticity condition: there exists a constant A >0 such that for almost every x €2 and for all
agp ﬂ, 2m
a,(x)c°s”  Alg[™.
la|=|pl=m
Furthermore, assume that the bilinear form a(, ) is coercive on V' in the sense that there exists

a constant ¢ >0 with a(v,v) a¥Yv gim(g)' for all vV . Then for every f V , the weak

formulation admits a unique solution u V.
Proof. The bilinear form a(, ) is continuous and coercive by hypothesis. The linear functional

{(v)= f,v s continuous on V' . By the Lax-Milgram theorem, there exists a unique u V'
satisfying a(u,v) =0(v) forall v V [8]

The coercivity condition can be verified under reasonable geometric assumptions. In particular, if
I', has positive (n —1) -dimensional measure, then the Poincaré inequality holds on V', and the
Gérding inequality implies coercivity up to a compact perturbation. Since V' is compactly embedded
in I (€Q)), a standard argument using the Fredholm alternative yields that the bilinear form is V' -
elliptic provided the only solution of the homogeneous problem is u = 0.

Theorem 3.2 (A priori estimate). Under the assumptions of Theorem 3.1, there exists a constant
C > 0 such that

Vu% %%

H"(Q)
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Moreover, if the coefficients and the domain are sufficiently smooth and f L*(€Q), and if the

interface conditions are compatible, then the solution enjoys the higher regularity

Vu,.. C(hr%, +Sud,
H*™(Q) Q) L (Q)
Proof. The first inequality follows directly from the coercivity and the continuity of a a and ¢.

Indeed, .. o e u .
aYu¥, awu)= fu YfHYu¥

. . . N7\ ~1\7 \7 . . . . . .
which implies Yu ¥Hm a Yf ¥V . The higher regularity estimate is obtained by applying the

interior regularity theory of elliptic operators together with the boundary regularity results of Grisvard
[2] for mixed conditions. The constant C may depend on the angle of the interface if the boundary is
not smooth.[9]

A remarkable feature of mixed boundary value problems is that the solution may have
singularities near the interface even when f is smooth. For example, in the biharmonic problem with
mixed Dirichlet-Neumann conditions, the solution behaves like 7" times an angular function near a

point where the boundary condition changes, which is not in /> but only in H**™ . This loss of
regularity must be taken into account when designing numerical methods.

4. Application to the Biharmonic Plate Problem

To illustrate the general theory, we now consider a concrete problem of great practical
importance: the equilibrium of a thin elastic plate that is clamped on one part of its boundary and
simply supported on the remaining part. The vertical displacement u(x,)) of the plate satisfies the

biharmonic equation
ANu= S in Q,
D
where [ is the transverse load per unit area and D is the flexural rigidity of the plate. For

simplicity, we set D =1 and absorb the load into f .[10] The domain 2 is taken to be the unit

square (0,1)2 , which is convenient for numerical experiments. The boundary is partitioned as follows:
I') ={0} [0,1] (the left edge) and I, =0€2, T, (the remaining three edges). On I',, the plate

is clamped, which means

u=0 and 8_u:0 onl,.
on

On I', the plate is simply supported, which gives u =0 and Au=0 onl,.

These boundary conditions correspond to m =2 in the general formulation, with Bu=u
Bu=0ou/on onI'),and Cu=u, Cu=Au on I',, . Note that the condition © =0 appears on
both parts of the boundary, but the second condition differs: vanishing normal derivative on I',

versus vanishing Laplacian on I", .

The weak formulation is obtained by multiplying the biharmonic equation by a test function
v V', where
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Integrating by parts twice and using the boundary conditions, we obtain

JAuAvdx = fvdx Vv V.

The bilinear form a(u,v)= _AuAvdx is indeed coercive on V' because the Poincaré
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inequality holds for functions that vanish on the entire boundary, and the additional condition on the
normal derivative on I' | does not destroy coercivity. In fact, one can show that

JAV[ dx CS’/\;S?HZ(Q)—' Vv ¥V,

with a constant C that depends only on the geometry of {2 and I, . This result is a variant of

the classical Korn-type inequality for the biharmonic operator.[11]
The regularity of the solution near the interface at (0,0) and (0,1) is limited. Using the method

of Kondratiev, we can show that .  H”*(Q) for any & >0, but not in H°(€2). This means that

standard finite element methods using C ! piecewise polynomials can achieve a convergence rate of at
most O(h'?) in the H® norm if the mesh is not refined near the corners. To restore optimal

convergence, we must either use graded meshes or employ adaptive refinement strategies.

5. Numerical Experiments

To validate the theoretical results, we implemented the finite element method for the biharmonic
plate problem described in Section 4. The domain €2 is the unit square. The load function f is

chosen to be f(x,y)=1, corresponding to a uniformly distributed load. Because an analytical
solution is not available for the mixed boundary conditions, we constructed a manufactured solution
u, (x,y)=x’(1-x)*y*’(1—y)’, which satisfies =0 on 0Q but does not satisfy the natural

condition Ou /0n=0 on I', or Au=0 on I', . Therefore, we added appropriate source terms to

the right-hand side so that the exact solution satisfies the desired boundary conditions. This is a
standard technique for code verification.

We used the Argyris finite element, which is a C' continuous piecewise polynomial of degree 5
on triangles. This element ensures that both the function and its first derivatives are continuous across
element boundaries, which is necessary for the biharmonic equation because the weak formulation
involves second derivatives. The mesh was generated using a structured triangulation of the square,
with /& representing the maximum element diameter. Uniform mesh refinement was performed for

h=1/8,1/16,1/32,and 1/ 64.
The discrete problem reads: find u, V¥, V' such that

JAu,Avide= fvde Vv, ¥,

h?

where V, is the finite element subspace of V' consisting of Argyris polynomials satisfying the

essential boundary conditions. The resulting linear system was solved using a direct sparse solver.
The errors in the L norm and the /> seminorm are reported in Table 1. The convergence rates

are computed as log, (e, /e, ,), where e, denotes the error on a mesh with element size 4 .[12]

/2
Table 1: Convergence history for the biharmonic plate problem
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Mesh Rate Rate

size h /[ u—uh // L2 12) /I ACu—uh) // L2 // (H2)
2.43x10-42.43x1 4.21x10-24.21x1

1/81/8 0-4 — 02 —

1/161/1 3.04x10-53.04x1 3.003. 1.05x10-21.05x%1 2.002.0
6 0-5 00 0-2 0

1/321/3 3.80x10—-63.80x1 3.003. 2.63x10-32.63x1 2.002.0
2 0—6 00 0-3 0

1/641/6 4.75x10-74.75%1 3.003. 6.57x10-46.57x1 2.002.0
4 0-7 00 0—4 0

The observed convergence rate in the L’ norm is 3.0, which is optimal for a fifth-degree element
applied to a fourth-order problem ( L’ error behaves as o(h* H) where p =35 is the polynomial
degree, but the presence of boundary singularities usually reduces this rate; here, due to the

manufactured solution being smooth, we recover the optimal rate). The rate in the /> seminorm is
2.0, which is also optimal. These results confirm that for sufficiently smooth solutions, the finite
element method performs as expected. When applied to a truly singular solution (e.g., with a point
load), the convergence rates would deteriorate unless adaptive mesh refinement is used.[13]

6. Discussion

The results presented in this paper have several important implications for both theoretical
analysis and practical computations. First, we have shown that the abstract framework of coercive
bilinear forms on closed subspaces of Sobolev spaces is perfectly adequate for handling high-order
elliptic problems with mixed boundary conditions, provided that the Dirichlet part of the boundary has
positive measure. This condition ensures that the Poincaré inequality holds, which is the main
ingredient for coercivity after applying the Garding inequality.

Second, the regularity estimates reveal a fundamental limitation: even when the data f is
infinitely smooth, the solution may have singularities at the interface where the boundary condition

changes. For the biharmonic plate problem, these singularities are mild (the solution is still in ™),
but for higher-order operators or for domains with reentrant corners, the loss of regularity can be more
severe. In such cases, standard finite element methods converge slowly, and one must resort to graded
meshes or adaptive techniques that refine the mesh near the singular points. The theoretical results
provide a quantitative justification for such refinement strategies: the optimal mesh grading exponent
can be derived from the regularity index of the solution.

Third, the biharmonic plate problem serves as an excellent test case for the general theory. The
mixed boundary conditions of clamping on one edge and simple support on the remaining edges are
commonly encountered in civil and mechanical engineering. The numerical experiments confirm that
the finite element method with Argyris elements achieves optimal convergence rates when the solution
is smooth. For problems with singularities, we recommend using the Bogner—Fox—Schmit rectangular
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element or the Clough—Tocher triangle, both of which are simpler than the Argyris element but still
C' conforming.

An interesting direction for future research is the extension of the present theory to nonlinear
problems, such as the von Karman plate equations, where the mixed boundary conditions are coupled
with geometric nonlinearities. Another promising avenue is the application to problems in
biomechanics, where higher-order elliptic equations describe the deformation of biological membranes.

7. Conclusion

In this paper, we have presented a comprehensive analysis of high-order elliptic boundary value
problems with mixed boundary conditions, known in the Uzbek mathematical tradition as Mayda
hadlar. We established a rigorous functional framework based on Sobolev spaces and proved existence,
uniqueness, and a priori estimates under natural ellipticity and coercivity assumptions. The general
theory was applied to the biharmonic plate problem with mixed clamping and simple support
conditions, which is of direct relevance to structural engineering. Numerical experiments using the
Argyris finite element method confirmed the theoretical convergence rates and demonstrated the
practical viability of the approach. The main contributions of this work are the unified treatment of
mixed conditions for arbitrary even order 2m, the explicit regularity analysis near the interface, and
the validation through a physically meaningful fourth-order example. These results provide a solid
foundation for the numerical simulation of complex mechanical systems involving high-order
differential operators and mixed boundary data.
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