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Abstract. In this paper, a dispersion equation is derived for harmonic waves
propagating along a cylindrical rod embedded in a viscoelastic half-space parallel to
its free surface. The rheological properties of the medium are described by
Boltzmann–Volterra hereditary operators with the Rzhanitsyn–Koltunov kernel. The
waves reflected from the free boundary are re-expanded about the rod center using the
plane-wave expansion and Graf's addition theorem. As a result, the problem is
reduced to an infinite system of algebraic equations, the vanishing of whose
determinant yields the dispersion equation. The complex roots are found by Muller's
method, and an algorithm for checking their completeness by means of the argument
principle is proposed. Calculations performed in the fundamental-harmonic
approximation show that the free surface reduces the frequency of the first torsional
mode by up to 1.05% and increases its attenuation by up to 78%.
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hereditary kernel, Graf's addition theorem, complex frequency, Muller's method.

Introduction
The analysis of underground pipelines, pile foundations and tunnel structures

often employs the model of a cylindrical rod embedded in soil. To assess their
response to seismic and man-made dynamic loads, the dispersion of waves in such a
system must be known. Soils and polymer media exhibit pronounced rheological
properties, whereas a purely elastic model accounts neither for wave attenuation nor
for the additional dispersion associated with rheology.

The Pochhammer–Chree dispersion equation for waves in a free rod and the
main results of the theory of elastic waveguides are summarized in the monograph [1].
Modern numerical methods for computing trapped and leaky modes in waveguides
embedded in an unbounded medium were developed in [2, 3], while the propagation
and attenuation of waves, including the torsional wave, in pipes buried in soil or
embedded in concrete were studied in [4, 5]. The foundations of the theory of
hereditary viscoelasticity are presented in the monograph [6]; the propagation of
natural waves in cylindrical cavities, shells and multilayer cylindrical bodies in a
viscoelastic medium, based on the Boltzmann–Volterra model with the Rzhanitsyn–
Koltunov kernel, was investigated in [7–11]. However, most of these studies assume
the surrounding medium to be unbounded, i.e., symmetric about the rod. When the
medium is a half-space, the waves reflected from the free surface interact with the rod
and the symmetry is broken. The problem in which hereditary viscoelasticity, the free
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boundary and wave propagation along the rod are considered together has not been
sufficiently studied.

The aim of this study is to derive a dispersion equation for a cylindrical rod in a
viscoelastic half-space that rigorously accounts for the effect of the free boundary, and
to develop a reliable numerical algorithm for finding its complex roots.

Problem statement
A viscoelastic medium occupies the half-space y≤0 . It contains an elastic rod

whose axis is parallel to the Oz axis, with its center at the point 0,−ℎ and radius R
(ℎ>R). The rod material is characterized by the parameters λ1,μ1,ρ1 (Lamé parameters
and density), while the density of the medium is ρ and its instantaneous Lamé
parameters are λ0,μ0 . The constitutive equations of the medium are taken in the
Boltzmann–Volterra form:

σij=λ� εkk δij+2μ� εij,  λ�f t =λ0 f t −
−∞

t
Qλ� t−τ  f τ  dτ ,

where εkk is the volumetric strain; the operator μ� is defined similarly with the
kernel Qμ . In what follows, we set Qλ=Qμ=Q and choose the Rzhanitsyn–Koltunov
kernel [8–11] as the relaxation kernel:

Q t =A e−βt tα−1,  0<α<1, A>0, β>0.
The solution is sought in the form exp i kz−ωt . The hereditary operators then

reduce to complex moduli:

λ� ω =λ0 1−
A Γ α
β−iω α ,  μ� ω =μ0 1−

A Γ α
β−iω α ,

where Γ α is the Euler gamma function. The integral representation converges
in the region Im ω>−β ; the resulting expression is analytically continued (using the
principal branch of the power function) to the entire complex plane except for a cut
running downward along the imaginary axis from the branch point ω=−iβ. Therefore,
the complex moduli, and hence the dispersion equation, are analytic functions of ω,
which makes it possible to construct a dispersion equation with complex frequency.
The motion of the medium and the rod is governed by the Lamé equations (for the rod,
the hereditary operators are replaced by the constant parameters λ1,μ1,ρ1):

μ�  Δu+ λ�+μ�  ∇ ∇⋅ u =ρ 
∂2u
∂t2

.

The boundary conditions are as follows:
1. y=0 (free surface): σyy=σxy=σyz=0.
2. r=R (contact surface, perfect bonding): u 1 =u 2 and continuity of the

stresses σrr,σrθ,σrz.
3. x2+y2→∞, y≤0: radiation condition — waves in the medium propagate

away from the rod or decay.
Solution method
The displacements are expressed in terms of three scalar potentials:

u=∇φ+∇× ψez +∇×∇× χez . In the cross-section, each potential satisfies the
Helmholtz equation:

Δ⊥φ+p2φ=0, Δ⊥{ψ,χ}+q2{ψ,χ}=0,  p2=
ρ ω2

λ�+2μ�
−k2, q2=

ρ ω2

μ�
−k2.
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Inside the rod, the solution is sought in terms of regular functions, e.g.,

φ1= n
​ an� Jn p1r einθ . The field in the medium consists of two parts: the waves

scattered by the rod, n
​ Sn� Hn

1 pr einθ , and the waves reflected from the free
surface.

To construct the reflected field, the Hankel functions are expanded into a plane-
wave integral [12]. Each plane wave is reflected from the surface y=0 with the
reflection coefficients ℛηζ ξ , where the indices η,ζ∈{p,q} denote the type
(longitudinal or transverse) of the incident and reflected waves, i.e., mode conversion
is taken into account. The reflected plane waves are then re-expanded into a series of
Bessel functions about the rod center using the Jacobi–Anger formula and Graf's
addition theorem [12]. As a result, the coefficients of the reflected field are linearly
related to those of the scattered field: B=K ω,k,ℎ  S, where

Kmn
ηζ =

1
π −∞

∞
ℛηζ� ξ Gmn

ηζ ξ ei γη+γζ ℎ dξ,  γη= η2−ξ2, Im γη≥0.

Here Gmn
ηζ are known functions composed of angular factors. Writing the contact

conditions at r=R for each harmonic and eliminating the coefficients inside the rod,
we obtain an infinite homogeneous system D+EK  X=0 . The condition for this
system to have a nontrivial solution is the sought dispersion equation:

Δ ω,k;ℎ =det D ω,k +E ω,k  K ω,k,ℎ m , n ≤N=0.

ℎ→∞ gives K→0, and the equation reduces to the known equation n
​ det� Dn=0

for a rod in an unbounded medium, while A→0 yields the case of an elastic half-space.
These limiting cases are used to verify the results.

Numerical algorithm. For the trapped modes under consideration, i.e., those
decaying exponentially in the medium ( ω/k<cR , where cR is the Rayleigh wave
velocity), the branch points ±p,±q and the Rayleigh poles of the reflection coefficients
do not lie on the real axis, and viscosity shifts them further into the complex plane.
Therefore, the integrands of the Kmn integrals are regular on the real axis and decay
exponentially as |ξ|→∞ ; these integrals are evaluated by high-order Gaussian
quadrature. For a given real k , the complex roots of Δ=0 are found by Muller's
method [13]:

ωj+1=ωj−
2 Δ ωj

bj± bj2−4 aj Δ ωj

,

where aj,bj are the coefficients of the parabola passing through the points
ωj−2,ωj−1,ωj ; the sign is chosen so that the denominator has the larger modulus. The
initial approximations are taken from the roots for ℎ→∞ and are continued step by
step in k. The completeness of the roots found is checked by the argument principle
[14]: for a given contour C, the number of roots inside it is

N0=
1
2πi C

​ Δ' ω
Δ ω

�  dω

where the contour C must not cross the branch points of the function Δ (ω=−iβ,
as well as the points corresponding to the conditions p=0 and q=0) or their cuts. In
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general, the truncation order N of the infinite system is increased until the relative
change in the roots is less than 10−6; the calculations presented below, however, were
performed in the first (N = 0) approximation.

Results and discussion
The calculations were performed in dimensionless variables: Ω=ωR/cs , κ=kR ,

H=ℎ/R, with time measured in units of R/cs (the rheological parameters A and β are

nondimensionalized in the same units), where cs=
μ0
ρ
is the instantaneous shear wave

velocity in the medium. Parameters: Poisson's ratio of the medium ν=0.25; cs1/cs=0.5,
ρ1/ρ=0.8 (hence μ1/μ0=0.2 ); rheological parameters A=0.048 , α=0.25 , β=0.05 . For
these values 0

∞Q(t)dt� =AΓ(α)β−α≈0.37<1 (0.62 and 0.38 for α=0.1 and α=0.5 in Table
2, respectively), i.e., the long-term modulus of the medium is positive. Since the rod is
soft relative to the medium, the field of the first torsional mode decays exponentially
in the radial direction in the medium (the mode is trapped). In an unbounded elastic
medium, the cutoff point of this mode (Ω=κ) corresponds to κ≈2; in the half-space,
however, the mode is non-radiating only for Ω/κ<cR/cs≈0.919 , i.e., for κ≳ 2.3 .
Therefore, the calculations were performed in the range κ≥2.5 for this mode (n=0) in
the fundamental-harmonic approximation, i.e., with truncation order N = 0, retaining
in the matrix K only the diagonal block K00 (which accounts for mode conversion
between longitudinal and transverse waves). Since the integrand decays exponentially,
the infinite integration interval was replaced by a finite interval [−L, L] whose
truncation remainder is smaller than the computational accuracy; the integrals were
evaluated by Gauss–Legendre quadrature with 1501 nodes, and doubling the number
of nodes changed the result by less than 10−11 . Muller iterations were continued until
a relative accuracy of 10−10 was reached.

Verification. For A=0 , the roots found for the half-space remained real (the
imaginary part is zero to machine precision). This corresponds to the absence of
energy radiation by the trapped mode and indirectly confirms the correctness of the
algorithm. As H increases, the roots tend to those for the unbounded medium: for κ=3,
H=5, the difference is of the order of 10−8.

Table 1. Complex frequency of the first torsional mode Ω

The last two columns compare the case H=1.5 with the viscoelastic case H=∞.
Effect of viscosity. In an unbounded medium, the rheological properties reduce

the frequency by 0.1–1.2% and give rise to attenuation. The attenuation decreases
with increasing wavenumber: for κ=2.5, Im Ω=−0.0143, whereas for κ=6 it is −0.0025.
There are two reasons for this: first, at higher frequencies most of the wave energy is
concentrated inside the elastic rod; second, for the Rzhanitsyn–Koltunov kernel, the
imaginary part of the complex modulus decreases with increasing frequency.
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Effect of the free boundary. The free surface reduces the mode frequency and
increases the attenuation. The effect grows sharply as the rod approaches the surface
and at wavenumbers close to the cutoff: for κ=2.5 and H=1.5 , Re Ω decreased by
1.05% and the attenuation increased by 78%; for κ≥5, the frequency change does not
exceed 0.01% and the increase in attenuation does not exceed 1.1%. This is consistent
with the decay of the amplitude of the field returning to the rod according to the law
e−2 q ℎ: as κ increases, q increases and the coupling with the surface weakens. In the
elastic case the frequency also decreases (by 0.58% for κ=2.5 , H=1.5 ), but no
attenuation appears. Hence, the additional attenuation in the half-space results from
the combined effect of the viscous medium and the free surface: the free surface
weakens the localization of the mode and increases the fraction of energy in the
viscous medium.

Table 2. Attenuation at κ=3 as a function of the singularity parameter α
(−Im Ω)

α has a strong effect: its decrease, i.e., a stronger kernel singularity, sharply
increases the attenuation: for α=0.1, the attenuation is 8.7 times greater than for α=0.5.
The reason is that at the frequency Ω ≈ 2.3 the real part of the complex shear modulus
for α = 0.1, 0.25 and 0.5 is approximately 0.59μ₀, 0.87μ₀ and 0.96μ₀, respectively: at α
= 0.1 the medium softens appreciably, the mode approaches the cutoff frequency, and
its field penetrates deeper into the medium. The effect of the free surface is also more
pronounced for a strongly singular kernel: for H=1.5 , the attenuation increases by
64% for α=0.1 and by 12% for α=0.5.

Conclusions
1. A dispersion equation has been derived for a cylindrical rod in a viscoelastic half-

space that rigorously accounts for the waves reflected from the free boundary. It
contains the rod depth H=ℎ/R as a new parameter.

2. Using closed-form expressions of the complex moduli for the Rzhanitsyn–
Koltunov kernel, the dispersion determinant was treated as an analytic function of
complex frequency (in the plane with a cut). This made it possible to apply
Muller's method and the argument principle.

3. Calculations in the fundamental-harmonic approximation showed that the free
surface reduces the frequency of the first torsional mode (by up to 1.05% at
H=1.5, κ=2.5) and increases the attenuation (by up to 78%). The effect is greatest
near the cutoff frequency and for a strongly singular kernel (α=0.1); for κ≥5, the
increase in attenuation does not exceed 1.1% and the frequency change does not
exceed 0.01%. Assessing the contribution of higher (n ≠ 0) harmonics when the
rod lies very close to the surface is a task for future research.

4. The results obtained can be applied to the dynamic analysis of underground
pipelines and pile foundations.
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