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The cooling and heating of cylindrical bodies is a classical problem in heat transfer theory [1, 2],
and its analytical solution is expressed as a Fourier—Bessel series. In practical computations the series is
truncated to a finite number of terms, so it is important to know how the required number of terms
depends on the initial and boundary conditions. This abstract gives a quantitative account of this
dependence.

Problem statement. For an infinite cylinder of radius R, we consider the axisymmetric problem in
the dimensionless variables &=r/R, =a*t/R?:
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Separation of variables leads to the Bessel equation of order zero; the boundedness condition on the
axis rules out the Bessel function of the second kind Y, and the solution takes the form
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Under the Dirichlet condition u(1,r)=0, the y, are the roots of Jy(«)=0, whereas under the

Neumann condition u:(1,7)=0 they are the roots of J; (1)=0 (including 1(=0).
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coefficients decay slowly, as ,u;l/ 2. In contrast, for the profile f=uy(1-&), which is compatible with the

boundary condition,

Coefficients. For the Dirichlet condition and f=u, (a uniformly heated cylinder), ¢;,= 1.e., the
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the coefficients decay rapidly, as x> . Under the Neumann condition, the same profile gives
4 . .
co=ug/2 and c;=— zju& ;3 as T, the temperature tends to the cross-sectional mean value ¢, which
Hiedo(uk

expresses the conservation of energy.

Numerical results. For the axial temperature 0(0,7)=u(0,7)/u, at 7=0.05 with f=u,, one term gives
1.19971 and five terms give 0.98710; forﬁuo(l—cfz), the corresponding values are 0.82979 and 0.80038.
At =0.2, three terms provide an accuracy better than 107 for both profiles. The results were confirmed
by two physical checks: for small 7, the parabolic profile satisfies (0,7)~1—4z (in agreement with the
value 0.96000 computed at 7=0.01), and for the Neumann condition at 7=0.2 the values 0.53588 on the
axis and 0.48554 on the surface were obtained, showing that the distribution levels out around 1/2.

Conclusion. Using McMahon's asymptotic formula 14~(k—1/4)x, the number of terms required to
achieve accuracy ¢ is estimated by
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At small times, however, the convergence rate depends crucially on whether the initial profile is
compatible with the boundary condition: the coefficients decay as ,u;5/ % for a compatible profile and as
44" for an incompatible one.

References
1. Carslaw H. S., Jaeger J. C. Conduction of Heat in Solids. 2nd ed. Oxford: Clarendon Press, 1959.
2. Tikhonov A. N., Samarskii A. A. Equations of Mathematical Physics. Oxford: Pergamon Press,

1963.

3. Watson G. N. A Treatise on the Theory of Bessel Functions. 2nd ed. Cambridge: Cambridge

University Press, 1944,

4.  Salohiddinov M. S. Differensial tenglamalar [Differential Equations]. Tashkent: Yangi asr avlodi,

2005 (in Uzbek).

Website:https://houghtonstreetreview.com/index.php/LIMCMRI Pg. 161

© 2026 London International Monthly Conference on

VO] 8 No 0 2 : (2 O 2 6) OCtOber Multidisciplinary Research and Innovation. All Rights Reserved.




